is also the generator of a C 0 -semigroup, S B . There are easy examples to show that if T is eventually differentiable then S B need not be eventually differentiable. In 1995 an example was constructed to show that if T is immediately differentiable then S B need not be immediately differentiable. In this paper we establish necessary and sufficient conditions on the generator (A, D(A)) of T which ensure that eventual or immediate differentiability of T is inherited by S B for all B ∈ L(X). We are therefore able to give a characterization of the immediately and eventually differentiable C 0 -semigroups for which differentiability is a stable property under bounded perturbations of the generator. We also prove a characterization of the C 0 -semigroups for which the norm of the resolvent of the generator decays on vertical lines and a new characterization of the Crandall-Pazy class of semigroups.
Background
A C 0 -semigroup T := (T (t)) t≥0 on a Banach space X is called eventually differentiable if there exists t 0 ≥ 0 such that the orbit maps ξ x : t → T (t)x are differentiable on (t 0 , ∞) for every x ∈ X. The semigroup is called immediately differentiable if t 0 can be chosen as t 0 = 0. The importance of this notion is that differentiability of the semigroup corresponds to mild solutions of the related Cauchy problem becoming classical solutions, as follows.
Let A be the generator of a C 0 -semigroup T on a Banach space X. For x ∈ X we define
For x ∈ X, u x is the unique mild solution of the abstract Cauchy problem. That is u x satisfies The mild solution u x is a classical solution if and only if u x is differentiable. For more information on the property of differentiability of C 0 -semigroups see Section II.4.b of [8] .
Let A be the generator of a C 0 -semigroup T on a complex Banach space X and let B be a bounded linear operator on X. Then A+B generates a C 0 -semigroup S B on X, see Theorem III.1. In this paper we prove a converse of Proposition 1.2. We do this in two steps. Firstly, in Section 2, we use the Baire Category Theorem to establish an intermediate result, then in
